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ABSTRACT 
An algorithm for empirically calculating the expected number of optimal and near-optimal solu- 
tions in a random Euclidean travelling salesman problem is presented. The algorithm is based on 
well known geometric properties of the optimal tour. For problems involving up to 15 points 
uniformily distributed in the unit square, experiments show this expected number to be extreme- 
ly small. 
The Euclidean travelling salesman problem (ETSP) is 
stated as follows : 
Given a set S of n points (cities) in the plane, it is re- 
quired to find a polygon (tour) of minimum perimeter 
through S. The solution is called an optimal tour [ 1,2]. 
It is known that, out of the (n-I)!/2 different polygons 
that can be drawn through S, only simple ones (i.e. 
crossing-free polygons) need be considered as potential 
optimal tours [ 11. A second observation, also based 
on a geometrical argument, leads to a further reduc- 
tion in the number of candidates. Denote by cij the 
length of edge (ij) and let (a,b) and (e,d) be the first 
and last edges of a crossing-free chain composed of 
(r+2) edges where r = 1,2,...,n-2. We say that this 
chain has an r-kink if cab + ted > cae + cbd. Now, 
obviously, a polygon which has an r-kink is not to be 
considered since edges (a,b) and (e,d) can be replaced 
by (a,e) and (b,d) thus yielding a shorter tour. We 
will say that a kink-free simple polygbn is a near- 
optimal (or possibly optimul) solution. The purpose 
of this note is to present the results of experiments 
for estimating the expected number of optimal and 
near-optimal solutions in a random ETSP. 
We begin by introducing an algorithm for generating 
all simple polygons in a given set S. 
Algorithm 1 
“A polygon is a permutation of the points : starting 
with a point generate a crossing-free permutation by 
sequentially adding those edges that introduce new 
points and do not intersect previous edges. If the 
polygon is complete, generate the next permutation. 
When all branching possibilities have been exhausted, 
stop.” 
A small modification to Algorithm 1 yields an algorithm 
for generating kink-free simple polygons in a given 
set S. 
Algorithm 2 
“In the process of building a permutation as in Algor- 
ithm 1, every time an edge is added to a chain of 
length m-l, which does not cross any previous edge, 
a test for an r-kink follows, for r= 1,2,...,m-2. If the 
new edge creates an r-kink it is disregarded, else it is 
kept and a new edge is fetched.” 
It should be pointed out here that the concept of a 
kink-free simple polygon is somewhat related to the 
principles used in [ 31 and [4]. For example, a “mini 
per set of n” tour [3] is obviously kink-free. Similarly, 
every “2-optimal” tour [4] is also kink-free. What makes 
the idea of Algorithm 2 different is the way in which 
it is used during the sequential construction of a tour. 
Let Pn and Pi denote the number of simple polygons 
and the number of kink-free simple polygons, respect- 
ively, in a given configuration of n points in the plane. 
Algorithms 1 and 2 were used to empirically calculate 
the expected values E(.) of these quantities as well as 
the standard deviations SD( .). The experiments were 
limited to values of n not exceeding 10 for Pn, and 
not exceeding 15 for P,*, as the calculations became 
(predictably) very time consuming with increasing n. 
The results displayed in table 1 (rounded to the near- 
est integer) were obtained for each value of n by 
using one hundred point configurations generated 
uniformly in the unit square. (Implementation details 
can be found in [ 51.) 
Our experiments indicate that the number of simple 
polygons that are kink-free is surprisingly small. 
When confronted with such results one cannot stop 
oneself from asking : Will more efficient algorithms 
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be developed in the future to search " intel l igently" 
the astronomical  set o f  candidate tours looking only 
for this subset of near-optimal solutions ? Will these 
algorithms have a polynomial  running time ? It is 
very probable that an entirely new mathematical  
methodology will be required to answer these 
questions. 
Table 1 
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(n-1)! /2 E(Pn) SD(Pn) E(P~) SD(P~) 
3 2 1 1 0 
12 3 2 1 0 
60 8 5 1 0 
360 20 14 1 1 
2520 54 39 1 1 
20160 160 118 2 1 
181440 474 365 2 1 
1814400 - - 2 1 
19958400 - - 3 2 
239500800 - - 3 2 
3113510400 - - 4 2 
43589145600 - - 5 3 
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